Abstract. For a reductive group G /Q , we interpolate Arthurs L 2 -Lefschetz number formula p-adically and give a geometric expansion of Urbans p-adic trace formula on overconvergent cuspidal representations. If G /Q is anisotropic at infinity and H is a Weil restriction of G, we give a twisted version of Arthur's L 2 -Lefschetz number formula for H, and we set up both the spectral side and the geometric side of a twisted p-adic trace formula for H.
Introduction
In [38] , to construct an eigenvariety for a connected reductive group, Urban constructed a p-adic analytic family of distributions (the finite slope character distributions) using Ash-Stevens's overconvergent cohomology theory. This family essentially interpolates the L 2 -Lefschetz numbers of Iwahori-Hecke operators with respect to the cohomological weights (see §6). So the (g, K)-cohomological description of cuspidal cohomology (see §2.3) leads to a spectral expansion of the finite slope character distribution (see c in §6), and it gives the eigenvariety x'ing those p-adic overconvergent representations appearing in the spectral expansion.
However, there is actually a geometric expansion of L 2 -Lefschetz numbers as well, that is, the explicit formula given by Arthur in [5] , where the Lefschetz number is computed by an invariant combination of orbital integrals. In §6, we show that Arthur's formula can be p-adically interpolated term by term. This leads to a geometric expansion of the finite slope character distributions (Theorem 6.1). Combining the spectral expansion and geometric expansion of finite slope character distributions, we consider it to be a p-adic (analytic family of) trace formula.
Once we believe the philosophy that the Langlands functoriality should have a padic family version, we would like to try the simplest cases, such as the Jacquet-Langlands correspondence and the base change lifting. The former had been explored by Chenevier [13] . Since the trace formula theory serves as an important tool in the study of Langlands functoriality, it is reasonable to expect that the p-adic trace formula will play an important role in the p-adic family version Langlands. As a first try of this idea, we would like to have a look at the p-adic family version of base change. So we want a twisted p-adic trace formula, which is the main aim of this paper.
The idea of deriving the twisted p-adic trace formula is totally parallel to the nontwisted case mentioned above. Firstly, we need a p-adic family of twisted distributions, which is constructed in §4. Since this construction is essentially done the same way as in [40] , we omit many proofs and work in a little bit of a general situation. Secondly, we need a twisted version of Arthur's formula of Lefschetz numbers. This is given in §5 for connected reductive groups which are anisotropic at infinity (Theorem 5.12). Finally, the twisted p-adic trace formula is given in Theorem 7.1.
The anisotropic condition is not very satisfying. In Arthur's work, the character formula of averaged discrete series plays an essential role. For the purpose of p-adic interpolation, we even need this formula to be explicit. Unfortunately, we do not have such a twisted character formula of averaged discrete series on noncompact Cartan subgroups at archimedean places. So we have to add the anisotropic condition. Theoretically, just like the nontwisted case, one may expect that the twisted character values on noncompact Cartan subgroups can be determined by those on the compact Cartan subgroup, using a twisted version of Hirai's patching condition, which had been developed by Renard [32] , [33] . Generally, this computation will be very complicated. We would like to thank Wen-Wei Li for pointing this out. He also suggests that in specific settings, one may try to transfer the averaged twisted character to appropriate endoscopic groups to compute. The author is preparing to do this.
Once we have the twisted p-adic trace formula, we expect to establish an explicit base change relation between eigenvarieties. Some cases will be done in [41] .
Notations and preliminaries
2.1. General notations. In this paper, F is a totally real number field. We always assume that F = Q, except in §4. E/F is a cyclic extension of finite degree. We fix σ as a generator of Gal(E/F ). Let J := J F be the set of places of F .
Let G be a connected reductive group G over F . Let H be the connected reductive group over F defined by Weil restriction: ( 
2.1) H = res E/F (G × F E).
So σ defines a rational automorphism on H, which we denoted by σ as well. Moreover, we will consider the nonconnected group (2.2)
and L := H σ, the connected component of L + containing σ. For G, we fix a minimal parabolic subgroup P 0 with Levi decomposition P 0 = M 0 U 0 , with Levi subgroup M 0 and unipotent subgroup U 0 . Denote by P G the set of standard parabolic subgroups of G with respect to P 0 . For any P ∈ P G , there is a unique Levi component M = M P of P such that M P ⊃ M 0 . Denote by L G the set of standard Levi subgroups of G with respect to M 0 . For any M ∈ L G , denote by L(M ) the collection of standard Levi subgroups of G which contain M , and let F(M ) be the collection of standard parabolic subgroups of G which contain M . So for any P ∈ F(M ), there is a unique Levi component M P containing M . Denote by P(M ) the subset of F(M ) such that M P = M .
For H = res E/F (G) [16, Proposition 11.4.3 and Remark 11.4.4] , assert that every parabolic subgroup P H of H over F is of the form P H = res E/F (P G ) for some We fix a maximal torus T of G such that T ⊂ M 0 . For any M ∈ L, let A M be the split component of the center of M ; we then assume that A M ⊂ T. At archimedean place, write B := T(R). 1 We further assume that B is a Cartan subgroup of G(R) in the sense of real Lie groups, and that B/A G (R) is anisotropic. The existence of B means that G(R) satisfies the Harish-Chandra condition; in particular, G has discrete series representations at ∞. Similarly, for any Levi subgroup M which is cuspidal over R, we will consider a maximal torus T in M such that T (R)/A M (R) is anisotropic. At the same time, we fix the maximal torus T H := res E/F T of H and write B H := T H (R). Let K be a maximal compact subgroup of G(R) such that KA G (R) ⊃ B. For any finite place v of F , let K v be a maximal open compact subgroup of G(Q v ).
Moreover, we assume that at any place v of F , K v and M 0 (F v ) are in a good relative position, in the sense of Arthur. Similarly, we fix a maximal compact subgroup 
For parabolic subsets in L, one still has the Levi decomposition P = MU P , where U P := U P 0 . Just like in the connected case, we denote by L, F, and P the corresponding set of parabolic or Levi subsets.
We use some of Arthur's notation from [1] . Given a Levi subset M of L and γ ∈ M , we write M (γ) for the centralizer of γ in M 0 , and M γ for its the neutral component. Let A M be the split component of the centralizer of M in M 0 . It is easy to verify that
where, without confusion, the upper index 0 indicates the neutral component. We need the notion of the maximal torus for L as well. For this, recall that an
then it is proved in [14, Lemma 1] that γ is semisimple and the neutral component of its centralizer,
1 In Arthur's notation, our B here is his B(R) in [5] .
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 4 ZHENGYU XIANG maximal torus if it is of the form T = T 0 γ for some γ ∈ L reg . It is easy to see that T is independent of the choice γ ∈ T reg . Obviously, A L ⊂ T 0 . Moreover, let S := S γ be the centralizer of T 0 in H; it is proved in [4, §1] that S is a maximal torus in H.
2 We say that a Levi subset M (R) of L(R) is cuspidal if M (R) contains a regular M -elliptic element γ. We will focus on those maximal tori T in M defined by such an element γ; in particular, T 0 (R)/A M (R) is compact. Meanwhile, we define the Weyl subgroup
where 
Similarly, letting X * (M /R ) be the set of R-rational characters of M + , we have the real space (2.8)
which is a subspace of a M 0 . We also have the canonical homomorphism
Throughout this paper, we use the Haar measures defined in [9, §1] for G, H, and the Haar measures defined in [30, §2.3] for L. We will not need the measure explicitly but remark here that, for any cuspidal Levi subset (or subgroup) M , and any maximal torus T in M in which T 0 /A M (R) (or T/A M (R)) is compact, the total volume of the quotient is 1.
For convenience, if X is any set with a σ-action and Y is a subset of X, we let Y σ be the image if Y is under σ −1 .
2.2.
Notations over place p. Throughout this paper, we fix a rational prime number p and an isomorphismQ p ∼ = C. To free us from an argument involving Bruhat-Tits building theory, we simply assume that G is defined and quasi split over Z p . So we can choose a Borel subgroup B of G over Q p such that B = T U for some maximal torus T and unipotent U . We assume that T = T /Q p . Let I be the Iwahori subgroup of G(Z p ) defined such that every element in I has a mod p image in B(Z/pZ). Writing U − for the opposite of U and I − for I ∩ U − (Z p ), we get the Iwasawa decomposition:
(2.9)
2 Here we use the definition of elliptic that follows from [30, §2.3] . However, Arthur gave another notion of elliptic in [1, §8] . One can easily verify that Arthur's definition is stronger than ours.
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I will act on the p-adic cells
by a * -action. This action then is extended to an action of Δ
For t ∈ T (Q p ), write u t for the characteristic function 1 ItI of the double coset ItI. Define the local Iwahori-Hecke algebra at p by
Given any open compact subgroup
and the global p-adic Hecke algebra by (2.13)
Considering all possible levels, we define locally and globally, (2.14)
We write H p for the space of admissible Hecke operators. At any place v (archimedean or nonarchimedean), we use Arthur's notation
) for the space of smooth, K-finite functions which are compact supported or "almost compact" supported on G(Q v ). Globally, write H (G(A f )) for the space of locally constant functions which are compact supported on G(A f ). Apparently, H p ⊂ H ⊂ H ac locally and globally.
Let X * (T) be the set of algebraic weights of T; then X * (T) ⊂ X * (T ). Let X T be the rigid analytic space associated with T such that for any field extensions
we will work on the p-adic weight space X := X K p . It is the Zariski closure in X T of the subset of p-adic weights which are trivial on Z K p . As in [38] , one has X * (T ) → X(k), and algebraic dominant weights are dense in X(k).
All of the above definitions similarly work for group H, indicated by an upper index H. We give more detailed notation in §4. 
and K = KK f , we will consider the locally symmetric space
Replacing K f with a subgroup of finite index if necessary, we can assume that K is neat, and S G (K f ) is then a smooth real analytic variety. As in [5, §1] , we also consider (2.17)
to be a projective limit of real manifolds which admits a right action of G(A f ). If we fix the Iwahori subgroup at the place p such that K f = K p f I, we also consider the project limit to be real manifolds:
on which the * -action of Δ + applies at the place p. Let λ ∈ X * (T) be a dominant algebraic weight, and let V λ be the finite dimensional irreducible representation of G with the highest weight λ. For our purposes, we need to consider the dual V ∨ λ of V λ , and we set E λ := V ∨ λ (C). It is well known that some automorphic representations can be realized in the cohomology space
which is isomorphic to the cohomology of the (g, K)-module:
where g is the real Lie algebra of the derived subgroup G(R) 1 , and ξ λ is the central character of Z G (R) on V λ (C). Without confusion, we also write ξ λ for its restriction on A G (R).
Let Π(G, ξ λ ) be the set of equivalence classes of automorphic representations
The Hecke algebra H (G(A f )) acts on the cohomology space H * ? (S G , E λ ) for ? = disc, cusp or empty (see, e.g., [38, §1.2] ). Since G(R) satisfies the HarishChandra condition, those cohomology groups are finite dimensional-in particular, the Hecke operators admit trace classes on the cohomology-we are interested in the alternating trace
for f ∈ H (G(A f )) and λ being regular dominant. When the Iwahori level at p is fixed, we will also consider for admissible p-adic
and regular dominant weights λ the alternating trace
Since we have chosen the Haar measure such that
Arthur's Lefschetz formula and computation for
2 -Lefschetz number studied by Arthur in [5] , where Arthur provided an explicit formula for it. Apparently, I cl G,0 (f, λ) can be computed in exactly the same way. However, we still summarize this computation after Arthur in this section. There are two reasons to do this. Firstly, it outlines the same strategy for the twisted case study in §5, where the big picture may be hidden by technical details. Secondly, we have to return to this formula in §6 to examine if it can be interpolated p-adically.
Let π = π ∞ ⊗ π f be a cohomological automorphic representation with weight λ. The Euler-Poincaré characteristic of π ∞ is then defined by
By [15, Théorème 3] , there is a smooth, K-finite, cuspidal, and stable cuspidal 3 function f λ on G(R) which is compactly supported modulo A G (R) and transformed according to ξ λ under A G (R), such that, for any
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Substituting this into (3.1) and combining it with (2.21
Now let Σ be a finite subset of J consisting of all ramified places and those places v such that f v = 1 K v . In particular, p ∈ Σ f . Then after the exact same argument as in [5, §3] , [3, Theorem 3.3] implies that I
is compact (and therefore of volume 1), then
HereḠ is an anisotropic real form of G over R; i.e., it is a reductive group over R together with a morphism η :Ḡ → G such that η is an inner twist isomorphism over
where Θ π is the character of π and Π disc (τ ) the finite subset of Π disc (G(R)), given by the Langlands classification (see [29] )
Moreover, the elements in each Π disc (τ ) can be parametrized by cosets
where we view
is the character of the averaged discete series studied by Herb in [23] . Concretely, using the result there, we can give an explicit formula for Φ M (γ, τ ): Write Z for the centralizer of G(R) 0 in K, and then B = ZB 0 . Let b be the real Lie algebra of B 0 and ι B the half-sum of all positive roots of G with respect to B. Now consider ζ ∈ Z * and Λ ∈ b * such that
is a well-defined quasi character on B whose restriction to A G (R) equals ξ λ and that iΛ is the Harish-Chandra parameter of some discrete series
where (iΛ) = sgn( α∈R + (G,T) (iΛ, α)) = ±1 is a constant defined by HarishChandra such that (w(iΛ)) = det(w) (iΛ), 
where ε T (X) is a constant depending only on X and T . So Φ M (γ, τ ) can be written as
As pointed out by Arthur in [5, Lemma 4.2], the last formula tells us that
Now introducing the index
whereτ is the contragredient of τ . However, this can be further simplified. Since f λ is constructed from the pseudo coefficient (see [5, Lemma 3.1] ) and for any
which vanishes unless γ is semisimple.
| is the number of connected components in the center of γ in M which contains rational points. Now define for any reductive group G
Arthur obtains the final formula of the Lefschetz number in [5, Theorem 6.1]. In our case,
where
is obtained from the property of Fourier transform and the fact that γ is semisimple. It is easy to check it is actually a finite sum for γ.
The construction of I †,σ H,0
In [40] , the author constructs a twisted distribution I †,ι
for any pair (G, ι), which stands for a connected reductive group G over Q and a Cartan-type Q-rational automorphism on G of finite order. The construction there can be extended for the pair (H, σ) over a totally real field F in exactly the same way (see [40, Remark 5.11] ). Generally, the possible absence of the Cartan-type condition may lead to the vanishing of I †,σ H,0 . However, in our situation, we can show that I †,σ H,0 is nontrivial for almost all p's. This is observed from [36] . So we quickly recall the construction below; for details, refer to [40] .
Fix a place p of F over p; we assume that in E/F , p is unramified. To avoid using the notion of buildings, we also assume that G is defined and quasi split over 
, where we also write K
As the notation in §2.4, we consider the locally symmetric spaces
As in §2.2, let X * (T H ) be the space of algebraic weights of H, and let X H be the space of p-adic weights. Then σ acts on X * (T H ) and X H in an obvious way. As in [40] , write X * (T H ) σ and X σ H as the subsets of σ-invariant elements in X * (T H ) and X H , respectively. Letλ be an algebraic dominant regular weight in X * (T H ) σ , let Vλ be the finite dimensional irreducible algebraic representation of H of highest weightλ, and let V ∨ λ be ts dual. Then, over some subfield of Q p , Vλ is the algebraic induced representation ind Sinceλ is invariant under σ, we can define an action of σ on Vλ. Concretely, for every ϕ ∈ Vλ and x ∈ G, we define ϕ σ (x) := ϕ(x σ −1 ). We can easily verify that for
and Dλ(L) be the space of overconvergent functions and distributions on H(F p ), respectively, and let Vλ(L) be the subspace of Aλ(L) consisting of locally algebraic elements. These modules are defined and studied in detail by Urban in [38, §3] . Roughly, Aλ(L) is the subspace of locally analytic functions ϕ on I H such that for any
It can be realized as the subspace of locally analytic functions on Ω
and Dλ(L). The most important fact for us is that Dλ(L) is a compact Fréchet space and, if δ ∈ Δ H,++ , the * -action of δ defines a compact operator on it. Then the projection
) admits finite slope decompositions with respect to f . So the finite slope part H *
is well-defined and does not depend on f .
Remark 4.1. There is also a standard action of H (H(A f )) on the cohomology space
H p , its * -action differs from its standard action by only a factor ofλ(ξ(t)), which is the same as the factor appearing in (2.24) . (See [38, §3] .)
Sincẽ λ is invariant under σ, we define σ acting on M in the same way as on Vλ. As in [40, Lemma 3.2] , it can be verified directly that, for any m ∈ M and g ∈ I,
So we obtain a * -action of Δ 
Passing (4.4) to the cohomology level, we obtain a comparison between cohomological spaces H *
. For a precise statement, we refer to [38, Lemma 4.3.8] and [40, Proposition 3.11] ; our situation here displays no differences from [40] . This comparison inspires us to interpolate cohomological automorphic representations using the overconvergent cohomology. To carry out this idea for σ-invariant representations of H, we construct the distribution I †,σ H,0 using the alternating trace of H 
8 It is the so-called overconvergent cohomology. 9 The idea is originally due to Shimura, developed by Ash, Steven, Urban, and many mathematicians. The author only mentions those names with obvious influence in this paper.
Ifλ is regular algebraic, I
cl,σ H,0 (f,λ) can be viewed as the twisted L 2 -Lefschetz number for p-adic Hecke operators. Recall that, for any f ∈ H (H(A f )) and regular algebraic weightλ ∈ X * (T H ) σ , the σ-twisted L 2 -Lefschetz number is defined by the alternating trace
We will give an explicit formula for L σ (f,λ) as well in §5. This generalizes Arthur's paper [5] .
In the overconvergent setting, as in [40, We will need not the explicit definition but only the fact below, which can be found in [40, Proposition 5.14].
Proposition 4.4. Letλ be regular arithmetic and f
If t ∈ T H,++ , then for any convergent highly regular sequence of algebraic dominant weights {λ n }, [38, §4.6] If E/F is complex multiplication, σ is then a Cartan-type automorphism on H and the cuspidal cohomology does not vanish according to [11, §10] . One can therefore show that I †,σ H,0 (f,λ) is not trivial. In general, the distribution may vanish because of the possible vanishing of cuspidal cohomology and Lefschetz number at infinity (see the proof of the proposition below). We close this section with the next proposition. Consider
where the Lefschetz number is defined only by the alternating trace 
The nonvanishing of these equations implies that both H *
In particular, there is some π in (4.15) such that m cusp (π) > 0 10 Noting that π will not contribute to the trace unless it is invariant under σ. The existence of the Lefschetz function is proved in [26, Proposition 12] . 11 In [36] , the discussion is carried out over Q. However, the local functions ϕ p are built over all places of F . So the result is easily extended to totally real fields. and tr(f | V π f ) is not trivial. Finally, the nonvanishing of L(σ, π ∞ ,λ) implies that the expression (4.15) as distribution is not trivial.
Twisted Lefschetz numbers
In this chapter, we assume that F = Q and G is anisotropic, that is, G(R) is compact modulo the center. So H is anisotropic as well. The only reason that we make this assumption is the lack of an explicit formula of twisted characters of averaged discrete series parallel to (3.10). One may easily verify that many definitions and the discussion in this section are still valid without this condition.
We will work only on group H, so we omit the upper index H, in particular, K := K H , T := T H , and B := B H . We prove results parallel to [5] and give an explicit formula of the σ-twisted Lefschetz number L σ (f,λ) for regular algebraic weightλ. In particular, it gives a geometric expansion for the distribution I cl,σ H,0 (f,λ). The strategy is the same as in §3. So we need Arthur's invariant trace formula for disconnected groups, as in [2] , [3] . However, as Arthur pointed out in [3, page 505], the results there work only for disconnected groups modulo two ingredients: a Galois cohomology argument in [3, Theorem 5.1] and a twisted trace Paley-Wiener theorem. Fortunately, the former is proved by Kottwitz and Rogawski in [25] , and the latter is proved by Delorme and Mezo in [17] . So Arthur's work in [2] , [3] is now unconditional.
Lefschetz function at infinity. If f is a function of H, let f
* be the function of L defined by f * (x × σ) = f (x). As in the proof of Proposition 4.6, we choose a Lefschetz function ϕλ on H(R) such that (4.17) is satisfied; in particular, ϕλ is K finite, compact supported. Sinceλ is regular, the cuspidal cohomology of Eλ coincides with its discrete cohomology, then [11, Proposition 8.4] and [40, Theorem 5.6] imply that ϕλ can be constructed such that ϕ * λ is very cuspidal and stable cuspidal. 
, are all defined as in §3; one can refer to [6] , [2] , [3] for details.
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This choice of ϕλ also applies to the σ-twisted Lefschetz number L σ (f,λ) for f ∈ H (H(A f )) andλ being algebraic. The fact that ϕλ is cuspidal implies that
Now we give an explicit formula for the term I L M (δ, ϕ * λ ) as in [5, (4.1) ]. In a nontwisted case, it is a consequence of [7, Theorem 6.4] . However, the latter is stated only for connected groups. So we have to first show the following.
The proposition is weaker than in [7, Theorem 6.4] .
, and recall that
where ϕ X is the restriction of ϕ on L(R) X . For regular elements δ ∈ M (R) and π ∈ Π temp (L(R)), define
where Θ π is the character of π (see, e.g., [14] 12 Most of this subsection summarizes the work of Arthur and Li, so it may be skipped if one is not interested.
Lemma 5.2 ([30, Theorem 4.4.1]). Suppose that ϕ ∈ H (L(R)) is cuspidal. Then
13 12 If one examines [7] carefully, one should be able to prove Proposition 5.1 using exactly the same strategy as in the proof of [7, Theorem 6.4] , since the only missing ingredients for the first six chapters working for the connected component L are the twisted trace Paley-Wiener theorem (indeed, besides those results referring to [2] , [3] , one has only to use it once for the proof of Lemma 2.3 in [7, §3] in the first five chapters) and an orthogonality relation between twisted characters of discrete series. The latter is valid for general elliptic characters [30] . 13 The notation τ here is different from the one that we used in §3 and is used only in this subsection. Generally, τ will indicate a finite dimensional irreducible representation of an anisotropic real form of G or L at infinity.
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To explain the terms in (5.8), we have to quickly summarize [9, § §2-5] , [30, §4] .
Given any ρ ∈ Π 2 (M 0 (R)) and P 0 ∈ P(M 0 ), let Π ρ (H(R)) be the set of irreducible constitutes of the induced representation I P 0 (ρ) := ind
In [9, §2] , Arthur uses the R-group R ρ for ρ to show that there is a bijection between Π(R ρ ) and Π ρ (H(R)). Concretely, if we write
then R ρ is a certain subquotient of W H ρ . The key step to establish the bijection is to construct a group homomorphism
whose image R(r, ρ) spans the algebra of all intertwining operators of I P 0 (ρ). Therefore
is a representation of R ρ × H(R) on the space I P 0 (ρ). Then Harish-Chandra's commuting algebra theorem implies that the irreducible decomposition of R is of the form
with a bijection η → π η . The decomposition (5.14) implies an important formula, that is, for any ϕ ∈ H (H(R)),
tr(η(r))tr(π η (ϕ)), and the bijection η ↔ π η induces an isomorphism θ → Θ, from the complex space C(Π(R ρ )) of virtual characters generated by Π(R ρ ) to the complex space C(Π ρ (H(R))) of virtual characters generated by Π ρ (H(R)).
In a case in which
One then verifies that
So the restriction of bijection η → π η to Π(R ρ ) σ is a bijection to Π ρ (H(R)) σ . Now consider the twisted R-group for ρ, R 
with a bijection η ↔ π η between Π(R ρ ) and Π ρ (L(R)), and it gives the formula
for any t ∈R ρ and ϕ ∈ H (L(R)).
14 Define the twisted regular subset ofR ρ by 
).
, whose decomposition has been given in (5.21) . It is easy to verify that Θ(wτ, ϕ) = Θ(τ, ϕ) for any w ∈ W L , so the distribution is defined for τ ∈ T (L). Similarly, for τ ∈ T ell (L), define for any δ ∈ M (R)
is L regular in M , and to be 0 otherwise. We write the contragredient of τ by τ ∨ = (M 0 ,ρ, t), and then
tr(η(t))Θπ ρ (δ).
Finally, we need to define the integration over T ell (L). As explained in [30, pages 118 and 119], for τ
gives a locally free action on the subset of elements τ ∈T (L) of this form. SoT (L) is an analytic manifold that is homeomorphic to a disjoint union of Euclidean spaces, and T (L) acquires the quotient topology for the action of W L . The measure dτ is 14 Our notations are different from [9] , [30] . Since we work over the real field, our situation is simpler; see [9, page 86 ].
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and so is the integrand function in (5. 
Substitute τ = (L, π, σ) as in the support (5.29), in which case |R ρ,t | and |d(τ λ )| are trivial. Moreover, comparing the definition (5.7) to the formula (5.26), we obtain that
. Therefore the last summation equals 
We will omit the lower index γ if we do not want to specify it. As in §3.2, for any
Lemma 5.3. Suppose that Φ is a function of T (R) which is a finite, W (L(R), T (R))-invariant linear combination of σ-twisted characters of the form
Proof. This is a consequence of [17, Theorem 4] . Let φ be a function of Π temp (L
It is easy to verify that φ satisfies the conditions of [17, Theorem 4] under our assumption. So there is a function ϕ ∈ H ac (H(R)) such that
Obviously, ϕ * is stable cuspidal. The lemma is then obtained by substituting ϕ * into (5.37) for the case M = L.
Since H(R) is anisotropic, the elements in Π disc (L + (R)) are just those finite dimensional irreducible σ-invariant representations of H(R) and
As in §3 and [5, §4] , it is crucial to extend Φ L M (δ, π) as a function of δ ∈ M (R) such that it is continuous on semisimple elements M (R) ss , and vanishing on nonsemisimple points. This is the next lemma, in which we fix γ ∈ M (R) reg and write T = T γ and T = T γ . To derive this formula, we have to summarize the results in [12] and carry out computations similar to those in [31, §5] , [23] . This relies on the description of discrete series of H(R) by Harish-Chandra [22] and of L + (R) by Duflo [18] . Our main reference is [31] . 15 In this subsection, we assume that H is semisimple over R, or more specifically, that Z H is trivial. This will not affect our results since, just like in (3.10), everything is differs only by a central character.
Lemma 5.4. As a function of
δ ∈ T (R) reg , Φ L M (δ, τ ) extends to a continuous, W (M, T )-invariant function of T (R).
ZHENGYU XIANG
Let S be the centralizer of T 0 in H. Then S is a maximal torus in H. Since H(R) is anisotropic, S(R) is conjugated to B by an element in K, so it is harmless to assume that S(R) = B. In particular, S over R is elliptic. Similarly, if we let S be the centralizer of T 0 in M 0 , it is a maximal torus in M 0 and S = M 0 ∩ S. Write S := S(R). As we have fixed
If u C is a maximal nilpotent subalgebra of h C , it then determines a positive system in root systems R(h C , b C ) and R(k C , b C ). We fix u C such that it is stable under γ; this implies that γ preserves the sets of positive roots. Let ι be the half-sum of positive roots in R(h C , b C ).
Write γ of the form (γ , σ) with γ ∈ H(R). For any irreducible representation π of H(R), it is obvious that π is invariant under σ if and only if it is invariant under ad(γ ) • σ = ad(γ). We denote this action on π by γ as well. So given a discrete series π of L(R), we can consider it as a discrete series π 1 of H(R) which is invariant under γ. According to Harish-Chandra's classification of discrete series for connected reductive groups [22] , it is determined by a unique regular element Λ in the dual Lie algebra b * ⊂ h * , such that iΛ is the Harish-Chandra parameter of π 1 . Concretely, if iΛ determines a unique central eigendistribution Θ iΛ described as in [22, §27] , then π 1 is the unique discrete series whose character is given by As shown in [31, §5.3.1] , it turns out that Λ is admissible in the sense of [18] .
This leads to the construction of unitary representations on H(R) and L(R)
+ . For H(R), consider a metapletic covering as in [18, §1] : Recall that Λ is regular, as pointed out by Mezo in [31, §5.3.1] , and this implies that Λ is well polarizable (bien polarisable) in the sense of [18] . So the image of the Borel subalgebra p : 
Now consider the character
up to an lth root of unity. So properly choosing ζ above, we may obtain π = π η = η 0ρ −1 ⊗ S Λ π 1 . Now we can carry out the same computation as in [31, §5.4] . For any x ∈ B such that xγ is regular, [12] shows that (5.54)
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Then the explicit choice of η together with (5.51) shows that, for any x = exp(X), X ∈ b (as in [31, §5.4 
Here we identify w with any of its representative in N H(R) (B γ ) = N H(R) (T (R)), and we write e(w) := wγw
is in the centralizer of B and is therefore in B. E(w) is any element in b such that exp(E(w)) = e(w).
Substituting (5.55) and (5.56) into (5.54), we have the following lemma.
Lemma 5.7. Let π be a discrete series of L(R) such that its Harish-Chandra parameter is iΛ.
Assume that x ∈ B such that xγ is regular in L(R), and let X ∈ b be such that exp(X) = x, ζ is an lth root of unity fixed as above. Then Θ π (xγ) equals
Obviously, (5.58) gives formula [5, (4.6) ] in a case in which σ is trivial. 
where w 0 is the longest element in R(h C , b C ) and u − is the opposite of u.
Remark 5.9. For any H(R) (not necessarily anisotropic), (5.58) gives an explicit formula of a twisted character of a discrete series of L(R) on a compact Cartan subgroup. Using a similar strategy to the Harish-Chandra one in [21] , one should be able to give such a formula on noncompact Cartan subgroups as well. We plan to write it down in a future paper. Now consider δ = xγ ∈ T (R) reg , we obtain from the definition that
It is easy to verify that
where ι u/m∩u is the half-sum of positive roots corresponding to u/m ∩ u. So we take out the elements involving xγ from each summand:
where ι m is the half-sum of positive roots in R(m, m ∩ b), and ε u (δ) is the signature of det(1 − Ad(xγ)| u/m∩u ), which is a locally constant function. So we write
Noticing that e ι m (X) = e it is a quasi character on T . Now we can rewrite (5.65) as
Proof of Lemma 5.4. Consider in a canonical way that
, it is easy to verify that
This implies immediately that (5.68) is invariant under W (M, T ). Now the lemma follows from the same argument as in [5, Lemma 4.2] . Concretely, since xγ = γx, the set of regular elements in T is 
In particular, Φ L M (δ, ϕ) vanishes unless δ is semisimple. If M is not cuspidal over R, both sides are 0 by definition. So we assume that M is cuspidal over R. In a case in which δ ∈ M (R) reg is elliptic, the proposition is nothing other than (5.37). Furthermore, using the same reduction argument as in [5, page 277], we have to prove the formula only for those δ's for which
Then the strategy to prove the proposition is the same as Arthur's, that is, reducing to the evaluation of Φ L M on unipotent elements. Note that the unipotent elements are in the neutral component H(R), so this will reduce the proposition to the ordinary distributions studied in [5] . The next lemma is parallel to [5, Lemma 5.3] , and the proof is also similar. 
We can further simplify the formula ifλ is dominant and sufficiently regular. Under this condition, [39, §5] shows that, for any π ∞ ∈ Π disc (H(R)), 16 L(σ, π ∞ ,λ) can be nonzero only if π ∞ = Eλ, in which case it is a constant q := q H depending on σ only.
17 So for our choice of ϕλ, substituting (4.17) into (5.71), we obtain that Finally, since we have to consider only the semisimple class δ, the orbital integral
Combining all of the terms above we obtain our main formula.
Theorem 5.12. For any f ∈ H (H(A) f ) and any algebraic dominant weightλ ∈ X * (T H ) σ which is sufficiently regular,
where the sum of δ in (5.85) can be taken over a finite set that depends only on the support of f , and
vol(M (R) δ /A M (R)) , 16 Actually, even more generally, for any π ∞ which is essentially unitary. 17 For details, refer to [40, §5] .
